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A point of view concerning “fuzzy measures” is explained. To this end, a new 
concept of “disjointness” for fuzzy is introduced and studied. Also, a concept of an 
“additive class of fuzzy sets” is detined to be a class of fuzzy sets closed under 
some “additive operations.” The fuzzy measures are defined to be sum-preserving 
real functions over such additive classes. Some basic properties of the fuzzy 
measures are derived. In contrast with other homonymous concepts studied in 
literature, our fuzzy measures lead to an additive fuzzy integral (see the part II of 
the paper). 
0. INTRODUCTION 
The theory of fuzzy sets, whose development starts with Zadeh’s paper [ 9 J 
can be applied in many domains. One of them is that of studying human 
behaviour using game theoretical models called “fuzzy games.” Some fuzzy 
games are approached in [2]. The problem of solving them using “Shapley 
values” leads us to some questions about the subjective evaluation of the 
measures of real objects. We have tried to find answers for these questions 
using Sugeno’s fuzzy measures [a], but some difficulties arose. The most 
important of them is that Sugeno’s measures are not additive; these 
measures, defined using finiteness, continuity, and monotonicity only, seem 
to be unsatisfactory when subjective evaluations of objects as “individual’s 
resources” or “individual’s decisional power in a given coalition” must be 
made. Of course, “an indivual can omit to use a measure with additivity 
when he subjectively measures fuzzyness” (cf. [8, p. lo]), but in many real 
situations the additivity is an essential property of the objects whose 
measures must be subjectively evaluated, and the use of an additive measure 
in evaluating such things is an intrinsic condition which the subject must 
respect for the agreement_ with the reality of his evaluation. This is because 
using nonadditive measures for the elements of a class of real objects, an 
individual will be able to make a distinction between objects with different 
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measures and to say if an object a is greater in measure than an object b, but 
in this case the individual will not be able to say to what extent the object a 
is greater than the object b. 
In this paper we shall describe a concept of “fuzzy measure” which we 
hope will be of use when subjective evaluations of objects having the same 
nature must be made in order to decide to what extent one of two evaluated 
objects is greater than another. We shall prove that the monotonicity and the 
continuity are intrinsic properties of these “fuzzy measures” and, conse- 
quently, any finite fuzzy measure is equivalent to a fuzzy measure in 
Sugeno’s sense, but the converse is false. The classical concept of “measure” 
(see [ 1,6]) is a very special case of fuzzy measure in our sense. 
The essential difficulty which arises when additive fuzzy measures are 
conceived is that related to “disjointness.” To describe an additive fuzzy 
measure, an individual must be able to identify disjoint fuzzy sets. The 
literature contains many discussions about “what disjoint fuzzy sets does 
mean.” The first section of this paper is devoted to making this idea clear 
from an intuitive and also from a formal point of view. Section 2 of the 
paper is devoted to the concept of “fuzzy measure.” Sections 3 and 4 
(contained in Part II of the work) are consecrated to the theory of fuzzy 
integrals which can be constructed using additive fuzzy measures. 
In order to understand the content of this paper the reader must be 
familiar with the terminology concerning fuzzy sets explained in [4] and 
with the basic notions and results of the classical theory of measures (see, for 
example, [ 61). 
1. ADDITIVE OPERATIONS AND DISJOINTNESS FOR 
FUZZY SETS 
A. Additive Operations with Fuzzy Sets 
In this paper X will denote an unvoid and unambigous set called space 
whose elements are called points; L will denote the real interval [O, l] and 
L(X) will mean the classe of all L-fuzzy sets [4] called, as usual,fuzzy sets. 
If A is a fuzzy set and x is a point, then A(x) denotes the membership degree 
of x to A, i.e., the plausibility degree of the proposition “x is an element of 
A.” The function x + A(x): X + L is called membership function of A. A 
fuzzy set is completely known when its membership function is given. This is 
the reason for using the same letter A to denote the fuzzy set A and its 
membership function. Let P(X) be the class of the fuzzy sets taking the 
values 0 and 1 only. Since we do not make a notational distinction between 
sets and their indicator functions, P(X) can be viewed as the class of all 
subsets of X. 
In L(X) the following “additive operations” can be introduced: 
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DEFINITION 1.1. Let A and B be two fuzzy sets. (a) The sum A 0 B is 
the fuzzy set whose membership function is given by 
(A @ B)(x) = min(1, A(x) + B(x)) (Vx E X). (1.1) 
(b) The difference A@B is the fuzzy set whose membership function 
is defined by 
(A@B)(x) = max(O, A(x) -B(x)) (Vx E X). (1.2) 
(c) The conjunction A & B is the fuzzy set whose membership 
function is defined by 
(A & B)(x) = max(O, A(x) + B(x) - 1) (Vx E X). (1.3) 
The sum A @B is conceived to be the fuzzy set of the points contained in 
at least one of the fuzzy sets A and B. The difference AQB is conceived to 
be the fuzzy set of the points contained at most in A but not in B. The 
conjunction A & B consists in the points which are common for A and B. 
Here the reader must make the distinction between “points contained at least 
in A or in B” and “points contained in A or in B”; he must also distinguish 
between “points contained in both the fuzzy sets A and B” and “points 
which are common for A and for B.” We hope to make clear this distinction 
in that which follows. To this end, we recall that Zadeh [9] introduced the 
union A U B as 
(A U B)(x) = max(A(x), B(x)) (Vx E -0 (1.4) 
and the complementary of the fuzzy set A as 
x(x) = 1 -A(x) (Vx E X). (1.5) 
Also, the intersection A n B is introduced to be A n B = A U B. We recall 
that A U B is described to be the fuzzy set of the points contained in A or in 
B and A n B is described to be the fuzzy set of the points contained in A and 
in B. The relationship between the “additive operations” and Zadeh’s 
operations is stated by 
LEMMA 1.2. Zf A and B are two fuzzy sets then we have (a) A= X@A; 
(b)AuB=(E)@B; (c)AnB=(A@B)@B; (d)A&B=E. 
The proof is obvious. 
Also Zadeh [9] introduced the inclusion of the fuzzy sets, 
AcB iff A(x) <B(x) (Vx E X). (1.6) 
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Using that we can give 
LEMMA 1.3. IfA and B arefuzzy sets, then we have: (a) A @ 0 = A; (b) 
A@ii=X; (c)A@X=X; (d)A&A=0; (e)A&0=0; (f)A&X=A; 
(g)AOA=a; (h)XOA=A; (i)A@B=EB; Cj)A&B&AnBE 
{A,}sAuBc_A@B. 
Remark 1.4. (a) In contrast with the union and the intersection, the sum 
and the conjunction are not idempotent, i.e., A @A and A &A are not 
generally equal to A; e.g., for X = { 1,2} and A(x) = l/x we have A @ A #A. 
(b) Also in contrast with the union and the intersection, the sum and the 
conjunction are not distributive one relative to the other; e.g., for A(x) = 1, 
B(x) = f, and C(x) = $, we have C & (A @B) # (C &A) 0 (C & B). 
Remark 1.5. If A,BEP(X), then A@B=AUB and A&B=AnB 
and A 0 B = A\B. These facts result in the difference between the meaning 
ofA@BandAUBontheonehandandofA&BandAnBontheother 
hand not being very intuitive. In the hope of making clear this differences we 
present an example. 
Let X be a set of individuals. Without any biographical information about 
the persons in X we try to classify them according to their age. To this end, 
we take into account subjective facts only such as the carriage, the colour of 
the hair, etc., and classify the individuals in X in two categories, AGED and 
YOUNG. Let us denote by A the set of the aged persons in X. A person 
x E X can be considered to be aged (A(x) = l), to be young (A(x) = 0) or we 
can make no decision concerning his age (A(x) = 5) because it is doubtful if 
x is or is not aged. Naturally, the fuzzy set of youngs in X is B = A. The 
fuzzy set of the persons who are “common points” of A and B is A & B = 0, 
but A n B # 0 when there are individuals in X with A(x) = f. This means 
that it can be doubtful if a person is young or aged, but any person cannot 
be young and aged at the same time. Also, we have A @B =X, but 
A u B # X when doubtful situations exist. This means that it can be doubtful 
if a person is aged or young, but any person is contained in at least one 
fuzzy set A or B. 
B. Countable Additive Operations with Fuzzy Sets 
In this paragraph we consider (AJneN to be a sequence of fuzzy sets. The 
union of (A,,),,, is the fuzzy set U,,,A, defined by 
Vx E X>> (1.7) 
440 DAN BUTNARKJ 
and the intersection of (AJnQN is the fuzzy set defined by 
(VxEX). (1.8) 
According to 191, nnEN A, is the fuzzy set of the points x such that “x E A, 
or x E A, or . ..” and one,,, A, means the fuzzy set of the points x such that 
“x E A, and x E A, and ... .” 
Now, the question is “What is the fuzzy set of the points contained in at 
least one of the fuzzy sets A,,?” To answer, we observe that, in terms of [S ), 
the function T: L x L --t L, T(x,y) = max(O, x +y - 1) is a t-norm, S(x, y) = 
min( 1, x + y) is its dual co-norm, and the conjunction and the sum of the 
fuzzy sets are exactly their corresponding operations with fuzzy sets, respec- 
tively. So, it can be deduced that the sum and the conjunction are 
commutative and associative operations (see [ 5, p. 41). Thus we can write 
@yy,Ai instead of (... (A,@A,)@... @A,-,)@A, and &yE,Ai instead 
of (.a. (A, &A,)& ea s & A,- ,) & A,, . Moreover, using the results from [ 5 ] in 
the special case of the t-norm T previously mentioned, the next definition 
makes sense. 
DEFINITION 1.6. (a) The sum of the sequence (A,JnEN is the fuzzy set 
OnENAn defined by 
( 2N An) (~1’ f$ (i Ai) (Xl (VXEX)* (1.9) 
(b) The conjunction of the sequence (AJneN is the fuzzy set &nsNAn 
defined by 
(1.10) 
Taking into account the considerations contained in paragraph l.A, it is 
natural to consider that OneN A, is the fuzzy set of the points contained in 
at least one fuzzy set A, and &ncN A,, is the fuzzy set of the points which are 
common points for all the fuzzy sets A,,. 
The next results, whose elementary proofs are omitted, will be of use in 
that which follows. 
LEMMA 1.7. If x is a point, then we have 
(a) (O~=,AA,)(x)=min(l,C~=‘=,Ai(X)) (VnEN); 
@I (@,,,A,)(x) = min(L CEIAn(x)). 
ADDITIVE FUZZY MEASURES1 441 
The first part can be proved by induction upon n and the second part is a 
consequence of (a) and of the continuity of the function S. 
The dyality of T and S [S] is reflected in the next result. 
LEMMA 1.8. (a) ForanynENwehuvethat&7=,Ai=01=,Ai. 
(b) &ne,vAn= @ns,v&. 
COROLLARY 1.9. Zf x is a point, then 
(4 @&,4)(x> = max(O, 1 - XI=, Xi(x)) (Vn E N); 
(b) @L,,, 4X4 = max@ 1 - ILEN A,(x)). 
In spite of their nondistributivity relative to one another, the sum and the 
conjunction are distributive relative to the union and the intersection. 
LEMMA 1.10. Zf A is a fuzzy set, then we have 
(4 A 0 UnsN4 = UnpN (A @A,); 
(b) A 0 OnmAn = f-L (A @A,); 
(~1 A 8~ Uns,vAn = Un.,v (A &A,); 
(4 A JL n,,,v A, = fL.w (A &A.). 
C. Disjoint Fuzzy Sets and Fuzzy Partitions 
In some domains where the theory of fuzzy sets has been used it has 
observed that the notion of disjointness introduced by Zadeh [9] is not 
satisfactory.’ In this paragraph we want to introduce a new concept of 
“disjointness” for fuzzy sets. To make clear its meaning, some preliminary 
notions and results will be used. 
DEFINITION 1.11. Let (AJnaN be a sequence of fuzzy sets. 
(a) We say that A, ,..., A,, have no common points iff &;=, Ai = 0. 
(b) We say that the fuzzy sets A,, (n E N) have no common points iff 
& nm An = 0. 
Remark 1.12. (a) If A, B E P(X), then A and B have no common 
points iff A n B = 0. (b) If A n B = 0, then A and B have no common 
points. However, two fuzzy sets which have no common points can have 
nonempty intersection. For example, if X = (1, 2,3} and A(x) = l/(x + 1) 
andB(x)=x/(x+l),thenA&B=0,butAnB#0. 
Viewing the fuzzy sets which have no common points we can prove 
I We remind the reader that in 191 two fuzzy sets are called disjoint i f f  their intersection is 
empty. 
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LEMMA 1.13. Let (An)neN be a sequence offuzzy sets. 
(a) A, ,..., A,, have no common points srfCy= 1 Ai < n - 1 (Vx E X). 
In particular, A, ans A z have no common points iff (A , @ A,)(X) = A, (x) + 
A*(x) (Vx E X). 
(b_) The fuzzy sets A,,, (n E N) have no common points iff 
C,” , A,(x) < 1 (Vx E Xl. 
Proof The first part is a consequence of Lemma 1.8, and the second part 
is a consequence of the Corollary 1.9. 
Now, we are going to make clear what “disjoint fuzzy sets” means from 
our point of view. To this aim, let us consider B, ,..., B, to be subsets of X. 
Usually, they are said to be “disjoint” iff any point x is contained in at most 
one of them, i.e., iff CyS1 Bi(x) < 1 (Vx E X), or, equivalently, iff 
B, n Bj = 0 when i #j. These are the basic properties of disjointness used 
for constructing the classical theory of measures, but these properties are not 
equivalent when fuzzy sets are considered with Zadeh’s concept of 
disjointness. It is remarkable that two fuzzy sets A, and A, which have no 
common points also have the property that each point x is contained in at 
most one of A, and A,, i.e., A,(x) + A,(x) < 1. However, if more than two 
fuzzy sets are taken into account so that each pair is formed with fuzzy sets 
having no common points, then it is not generally true that each point x is 
contained in at most one of the given fuzzy sets. For example, if 
X=(1,2,3}andforanyxwedefineAi(x)=(x+i)/(3+x),thenA,&A,= 
A2&A3=A3&A,=0,butC!=,Ai(1)=9/4> l.Ouraimistointroducea 
concept of disjointness so that for each family of disjoint fuzzy sets any 
point to be contained in at most one of the fuzzy sets of the given family. 
This aim is accomplished if we introduce 
DEFINITION 1.14. Let (AJnEN be a sequence of fuzzy sets. 
(a) The fuzzy sets A, ,..., A, are called disjoint iff @f=, Ai and Aki , 
have no common points for k = 1, 2 ,..., n - 1. 
(b) The sequence (An)nsN is said to be a disjoint sequence iff for any 
n > 2, the fuzzy sets A, ,..., A, are disjoint. 
To see that our aim is accomplished, we give 
LEMMA 1.15. Let (A,),,, be a sequence of fuzzy sets. 
(a) A I ,..., A,, are disjoint fuzzy sets i@ C;=, Ai < 1 (x E X). 
@I (An)n..v is a disjoint sequence lfl we have that Cz=, A,(x) < 1 
(Vx E X). 
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(c) 4” A 1 ,..*, An are disjoint and 1 < i( 1) < i(2) < --- < i(k) < n, then 
A i( ,,,..., AiCk, are also disjoint. 
(d) Any subsequence of a disjoint sequence of fuzzy sets is also a 
disjoint sequence of fuzzy sets. 
Proof. Only (a) and (b) need proofs because (c) and (d) are simply 
consequences of them. The first part is proved by induction. If n = 2, then 
(a) is clear. If A, ,..., A,,,, A,, 1 are disjoint and (a) is considered to hold for 
n < m, then 
O= ((iAi)&A,,l) (x)=max (0, $: A,@)-]) (VxEX), 
i.e., the if part of (a) results. For proving the only if part, we observe that 
Cy!i’ Ai < 1 implies that Cy=, Ai < 1, i.e., A,,..., A,,, are disjoint by 
the inductive hypothesis. Hence 
and this, implies that A 1 ,..., A, + L are also disjoint. The Assertion (b) is a 
consequence of (a) and of the continuity of the co-norm S. 
COROLLARY 1.16. (a) The fuzzy sets A, ,..., A, are disjoint iff 
(Vx E X). 
(b) The sequence (A&,,, is disjoint iff we have that (@,,, A,)(x) = 
C:z, A n(x) (Vx E X). 
Remark7 1.17. (a) If (AJneN is a disjoint sequence of fuzzy sets, then 
for any i # j the fuzzy sets Ai and Aj have no common points, but the 
converse is not generally true. (b) A fuzzy set A is autodisjoint (A &A = 0) 
iff A(x) < j. The existence of the autodisjoint fuzzy sets is apparently 
paradoxal. In reality, if the relation “A(x) < 4” is interpreted as usually to 
mean “it is not plausible that x is contained in A,” then the autodisjoint 
fuzzy sets can be viewed as fuzzy sets so that any point is not plausibly 
contained in them. 
Using the previous notion of disjointness, we can introduce 
DEFINITIONS. 18. A finite (respectively infinite) fuzzy partition of the 
fuzzy set A is any finite (respectively countable) family of disjoint fuzzy sets 
whose sum is equal to A. 
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It is not difficult to see that the family (Ai) of fuzzy sets is a partition of A 
iff xi A i(x) = A(x) (Vx E X). 
The next results will be of use when fuzzy integrals are discussed. 
PROPOSITION 1.19. If.4 E L(X), A ,,..., A,, is a finite fuzzy partition of A 
and Bi = {Bi,l v.7 Bi,k(i)J is a finite fuzzy partition of A i, (i = l,..., n), then 
8 = U y=, Bi is a finite fuzzy partition of A. 
Proof: First we observe that @YE, @,“z’, Bi,j = @y_, Ai = A. It remains 
to prove that the B,,j)s are disjoint. Let us consider x to be any point and let 
us denote a = A(x), ai = Ai( and bi,j = Bi,j(x). If 1 < k < n, then we have 
and 
The proposition is proved. 
PROPOSITION 1.20. Let A and B be two fuzzy sets so that A cr B. if 
A L ,..., A,, is a fuzzy partition of A, then the fuzzy sets B, ,..., B, defined as 
follows from a finite fuzzy partition of B: 
B,(x) = A,(x), if j< i(x)= max i; $ Ak(x)< B(x) , 
1 k=l I 
= B(x) - c:“‘, A,(x) 
n-i(x) ’ 
if n >j > i(x), (1.11) 
where i(x) = 0 when A ,(x) > B(x). 
The proof is a simple verification which is left to the reader. 
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2. ADDITIVE CLASSES OF FUZZY SETS AND FUZZY MEASURES 
The classical theory of measures is based upon the idea of an “additive 
class” of sets usually called “algebra of sets” ([6 1) or “clan” ([ 11). In this 
section we try to sketch the foundations of a theory of fuzzy measures whose 
object is to study the functions defined over “algebras of fuzzy sets.” This 
new theory is constructed in such a way that the classical theory can be seen 
as a very special case of it. 
A. Additive Classes of Fuzzy Sets 
In this section _C will denote a family of fuzzy sets. 
DEFINITION 2.1. We say that _C is an additive class of fuzzy sets if the 
following conditions are satisfied: 
(a) XE_C, and 
(b) IfA,BE_C,thenA@B,A@BE_C. 
Remark 2.2. Let _C be an additive class of fuzzy sets and A, B two of its 
elements. Then we have 0, ,? E _C, A U B, A n B E _C, and A dc B E _C. 
DEFINITION 2.3. We say that _C is a o-additive class of fuzzy sets if is 
true that 
(a) XE_C. 
(b) IfA,BEC,thenA@BE_C,and 
cc> If (AnLv is a sequence of fuzzy sets contained in _C, then 
@ne,vAn E _C. 
Remark 2.4. (a) If _C is a a-additive class of fuzzy sets, then _C is an 
additive class and it is closed under at most countable conjunctions of its 
elements. (b) If _C G P(X) is a u-additive class of fuzzy sets, then _C is a u- 
algebra of sets (in the sense given in [6] for this term). 
Remark 2.5. Klement [5] introduces the term of “T-fuzzy u-algebra” 
w.r.t. the t-norm 7) to designate the classes of fuzzy sets which satisfy the 
following three conditions: 
(K 1) Any constant fuzzy set is in _C; 
(K2) If A E _C, then AE _C; 
(K3) If (A.),,,~G then OnpNAnE_C. 
It is easy to see that any T-fuzzy a-algebra is a u-additive class of fuzzy 
sets, but the converse is false because of condition (Kl). Using the binary 
representation of the numlbers in L it can be proved that a u-additive class is 
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a o-algebra in Klement’s sense iff any constant fuzzy set of the form 
A(x) = l/2”, (n = 0, l,...) is contained in C. 
Remark 2.6. Klement’s concept of a T-fuzzy u-algebra is not equivalent 
with the concept of u-algebra of fuzzy sets introduced in Part II of our 
present work. It can be observed that a o-algebra of fuzzy sets is a T-fuzzy 
u-algebra iff i EC. Apparently less restrictive, condition (Kl) is very hard. 
For example, it is an essential condition of rhte representation theorem 
proved in [S ] to hold. 
In spite of the differences previously mentioned, many results obtained in 
[5 ] for a T-fuzzy u-algebra are true also for a-additive classes of fuzzy sets. 
So it can be proved that for any class of fuzzy sets _C there exists only one 
minimal u-additive (respectively additive) class of fuzzy sets G, (respectively 
G,) so that G g G, (respectively G c G,). 
The algebraic structure of G, holds special interest. The rest of this 
paragraph is devoted to studying it. 
PROPOSITION 2.7. If _G G L(X) and _G, =_C u (X}, then _G, consists in 
all the Jinite sums of fuzzy sets of the following form and in their 
complementaries: 
C= & (Aj&Bj) or D=; (Aj@Bj) (k E W, (2.1) 
j=l j=l 
where for any index j, Aj or xj is in GO and Bj or Bj is in _G,. 
ProoJ Let us denote G, the family of fuzzy sets described in (2.1) and of 
their finite sums and of their complementaries. Clearly G, c G,. It remains 
to prove that G, is an additive class of fuzzy sets. To this aim we observe 
that X=X@ XE-G,. If G E G,, then GE G,. Indeed, if G is similar to D 
from (2.1), then G has the form of C; if G has the form of C, the G has the 
form of D because of the duality of the sum and the conjunction. In both 
cases GE G,. Now, if G,, G, are contained in G,, then G, 0 G, = 
G, @ G, E G,. Since G, is clearly closed under finite sums, the proposition 
is proved. 
Let us recall that a sequence (A,JnEN is increasing iff A, E A,, , (n E N). 
Also, it is called decreasing iff A,, 2 A,, 1 (n E N). Using these terms we can 
introduce 
DEFINITION 2.2. Let &l be a family of fuzzy sets containing X and 0. 
(a) The family &4 is said to be left- (respectively right-) monotonic iff it is 
closed under the intersections (respectively unions) of decreasing (increasing) 
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sequences of its elements. (b) The family &4 is said to be monotonic iff J-4 is 
left and right monotonic. 
A monotonic class is not necessarilly additive. However, we have 
PROPOSITION 2.9. (a) If _C is an additive class of fuzzy sets and it is 
right-monotonic, then _C is also o-additive. (b) If _C is a o-additive class of 
fuzzy sets, then _C is additive and monotonic. 
Proof: (a) It suffkes to show that the sum of any sequence in _C is also 
in _C. Let (AJneN be a sequence in _C. Then the sequence B, = @I;=, A, 
(n E N) is increasing. Consequently, it follows that @,,, A, = limnGN B, = 
U”ENB”G 
(b) It suffices to prove that _C is right monotonic. Let (A,JnsN be an 
increasing sequence of fuzzy sets in _C and let us denote A, = 0. Then the 
sequence B,,=A,,OA,-, (nEN) is contained in _C and @z=,Bk=A, 
(n E N). Consequently, U,,, A,, = lim,,, @;=, B, E _C and the proposition 
is completely proved. 
COROLLARY 2.10. If _C is an additive class of fuzzy sets, then the 
following two conditions are equivalent: 
(a) _C is o-additive. 
(b) _C is monotonic. 
COROLLARY 2.11. If _C is a o-additive class of fuzzy sets, then _C is 
closed under at most countable unions and intersections of its elements. 
Indeed, if A,, E _C, (n E N), then UnsNAn = lJnsN B,, where B, = Uz!, A, 
is an increasing sequence of fuzzy sets in _C. Since _C is monotone it follows 
that the last union is contained in _C. By l’JnEN A, = lJ,,,l,, we deduce that 
nnEN A,, E _C and the corollary is proved. 
Remark 2.12. It is not difficult to see that the intersection of any family 
of monotonic classes of fuzzy sets is also a monotonic class of fuzzy sets. 
Since the monotonic classes of fuzzy sets are exactly the T,-fuzzy u-algebra 
w.r.t. the t-norm T,(x, y) = min(x, y) defined in [5], it follows that for any 
family _G G L(X) there is only one minimal monotonic class G, which 
includes _G (see 151). 
PROPOSITION 2.13. Zf _G G L(X), then G, consists in all the countable 
unions of countable intersections of elements in G, and in the complements of 
such countable unions of countable intersections. 
40919312~ I I 
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Proof. Let jj be the family of fuzzy sets as described. It is clear that _C c 
G, s G,, Hence &4 c G,. It remains to show that &f is a u-additive class of 
fuzzy sets. To this end, let us consider A, B E &4. Then A = U,,,A, and 
B = UfEN B,, where A, = nk,*,Ai and B, = nk,, B$ with Ai and Bt in 
_G,. By consequence we have 
AOB= u (A,OB,)= u f-) (A;OB,) 
(n.k) (n,k) ( PEN 
= u (0 (A,PWI)) 
(n,k) (P.4) 
and the last union of countable intersections is clearly an element of &4. 
Hence &! is closed under finite sums. Since &4 is closed under the 
complementarity and A 0 B =E, it follows that A 0 B E &I. So, it 
results that &f is an additive class of fuzzy sets. To prove that &4 is right- 
monotonic, we consider the increasing sequence S, = (JkPN Si, where 
‘;5 = f&N Tz-” with T:,” E _G, (n E N). Then we have that 
u s,= u (,i?““)=,,u,, (CN CP)EM, 
IlEN ?IEN 
and using Corollary 2.10 the proposition is proved. 
B. Fuzzy Measures 
In this paragraph a concept of fuzzy measure is introduced and studied. 
To this end, let R denote the real axis and R denote KU {k co }. Also, _C 
denotes a u-additive class of fuzzy sets and denotes an arbitrary function 
from _C to E. 
DEFINITION 2.14. We say that m is an additive function over _C iff the 
following conditions hold: 
(a) m(0) = 0. 
(b) IfA,BE_CandA&B=IZI, then m(A@B)=m(A)+m(B). 
Further, _C* will denote the set of the additive functions over _C and _C,* 
will denote the set of the nonnegative additive functions over _C. 
Remark 2.15. (a) If m E _C,*, then m is monotonic, i.e., m(B) < m(A) 
whenever B c A. (b) If m is monotonic, then m is nonnegative. (c) If 
m E _C:, then m is subadditive, i.e., m(A @ B) < m(A) + m(B) whenever A, 
BEG. Indeed, A@B=((A@B)@B)@B, ((A@B)OB)&B=IZI, and 
(A@B)@BzA; hence m(A~B)=m((A@B)~B)+m(B)<m(A)+ 
m(B). 
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The following is the basic definition of this part of the paper. 
DEFINITION 2.16. We say that m is a a-additive function over _C iff the 
following conditions hold: 
(a) m(0) = 0. 
@I If (A AeN is a disjoint sequence in _C, then 
(2.4) 
A nonnegative and o-additive function over _C is called, a measure or fuzzy 
measure over _C. We denote by _C” the class of the a-additive functions over 
_C and by _Cy the class of the fuzzy measures over _C. 
Remark 2.17. Any u-additive function is also additive. If _C G P(X) and 
m E _Cy, then m is a measure in the classical sense of this term (see 161). 
Also, if _C c P(X) and m E _C”, then m can be seen as signed measure in the 
classical sense of the term. 
A characteristic property of the classical signed measures is their 
“continuity”, i.e., they preserve the pointwise limits for increasing sequences 
of sets. The same property holds for u-additive functions. 
PROPOSITION 2.18. If m E _C”, then for any increasing sequence (A&k 
in _C we have that 
m(fi A,) = ‘,‘,“y m(A,), (25) 
where lim nCN A, is the fuzzy set defined by 
Uj’,“, A,)(x) = ‘,‘,m~ A,(x) (Vx E X). P-6) 
Proof. Let (A,JnEN be an increasing sequence in _C. Let us denote A,, = 0 
and B, = A,@-, (n E N). By induction upon n it results that 
A,,= & B, (n E N). (2.7) 
k=l 
The sequence (BJnEN is disjoint and contained in _C because the A,‘s are in 
_C and 
&B,+,=A,&B,+,=A,&(A,,+,@A,)=0. 
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So, we obtain that 
l& m(A,) = lii m 
= 5~’ m(B,)=m 
EN 
and the proposition is proved. 
When m is additive the converse of Proposition 2.18 also holds. 
PROPOSITION 2.19. Let m be additive over _C. Then m is o-additive over 
_C ~flfor any increasing sequence (AJnEN in _C, formula (2.5) is true.’ 
Proof: The if condition results from Proposition 2.18. Conversely, if 
(A”LN is a disjoint sequence in _C, then C, = @,“=, A, is also in _C for any 
n E N. Clearly (CJnPN is an increasing sequence and 
m = rn(fg C,) = Iii m(C,). 
Since m is additive, it follows that m(C,) = Ci=, m(A,). Hence 
m(@nsN A,) = C,“=i m(A,) and the proposition is proved. 
C. Fuzzy Measures and Sugeno’s “Fuzzy Measures” 
The literature contains many other concepts also called “fuzzy measures.” 
In this paragraph we intend to study the relationship between the concept of 
fuzzy measure introduced by Sugeno [7] and the homonymous concept 
defined in the present work. Other similar problems will be approached in 
the Part II and III of the paper. To avoid the risk of terminological 
ambiguity we shall use 
DEFINITION 2.20. Let M be a monotonic class of fuzzy sets. A function 
g: &-+ R is called Sugeno-measure (or S-measure) iff it satisfies the 
following conditions: 
(a) g(0) = 0 and g(X) = 1. 
(b) IfA,BEMandAGB,theng(A)<g(B). 
* An immediate consequence of this result is that any fuzzy measure with finite value 
satisfies Klement’s conditions to be a T-fuzzy measure w.r.t. T(x, y) = max(O, x + y  - 1) and 
conversely (see E. P. Klement, “Characterization of Fuzzy Measures Constructed by Means 
of Triangular Norms,” in publication). A more detailed discussion concerning fuzzy and 7’- 
fuzzy measures is contained in the third part of this work. 
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(cl If (AAEN is a monotonic sequence in M, then g(lim,,,A,) = 
lim,,, g@ J. 
We shall prove that any “finite fuzzy measure” is equivalent with an S- 
measure, but the converse is false. To this end we need 
DEFINITION 2.21. (a) A fuzzy measure m is finite iff m(X) < co. (b) 
The fuzzy measures m, and m, are equivalent iff there is a constant k in R 
so that m,(A) = km,(A) for any A in _C. 
Remark 2.22. The relation introduced in _Cy by Definition 2.21(b) is an 
equivalence. 
The next result will be of use for our aim. 
PROPOSITION 2.23. If m is a finite fuzzy measure and (A,),,, is a 
monotonic sequence in _C, then 
$2 m(A,) = m( ljs A,,). (2.9) 
Prooj For increasing sequences the result is a cnsequence of Proposition 
2.18. Let us suppose that (A,JnEN is decreasing. Since m is monotonic and 
finite we have 0 < m(A,) < m(X) < +co (A E _C). Also, it is true that 
m(x) = m(X) - m(A) (A E 9 (2.10) 
So, we can deduce 
m(l&A,)=m U A, (,,, - )=m (%3~NKJ=m(x)-m( ,ii,&). 
Since (Xn)nEN is increasing, we have 
m( vE$ A,,) = m(X) - ‘,‘~m, m(x”) = iii, m(X 0 L,,) = l& m(A,) 
and the proposition is proved. 
Now we can discuss the relationship between finite fuzzy measures and S- 
measures. 
PROPOSITION 2.24. If m is a finite fuzzy measure over _C, then m is 
equivalent with an S-measure. 
Indeed, if m(X) = 0 the result clearly holds; if m(X) # 0, then 
m,, = (l/m(X)) . m is an S-measure (cf. Proposition 2.23) and it is equivalent 
to m. 
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If _C G P(X), then the converse of Proposition 2.24 is also true. However, 
this converse is not generally true. For example, if X = ( 1,2}, _C = L(X), and 
g(A) = i@‘(l) +A2(2)) (4 EC), then g is an S-measure, but it is not 
additive. indeed, if B, C E L(X) are defined by B(1) = C(2) = d and B(2) = 
C(l)=+, then B&C=0 and (B@C)(x)=i, (x=1,2); hence 
g(BOC)=~#f=gg(B)+g(C). 
Some examples of fuzzy measures will be given in Section 3 of Part I1 
when fuzzy integrals will be discussed. 
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